Math 217 Fall 2025
Quiz 33 — Solutions

Dr. Samir Donmazov

1. Completd] the partial sentences below into precise definitions for, or precise mathematical
characterizations of, the italicized term:

(a)

2. (a)

The linear transformation 7' : V' — V of a finite dimensional vector space V' is diagonaliz-
able if ...

Solution: The linear transformation 7" : V' — V is diagonalizable if there exists a
basis B of V' such that the matrix of 7" with respect to B, i.e., [T']z is diagonal.

Suppose n € N. An n X n matrix A is diagonalizable if . ..

Solution: An n x n matrix A is diagonalizable if the map T4 : R® — R"™ defined by
T4(¥) = AZ is a diagonalizable linear transformation.

Suppose m € N. An m X m matrix A is orthogonal if . ..

Solution: An m x m matrix A is orthogonal if its transpose is its inverse; that is,
ATA =1, (equivalently, AAT =1,,).

In other words, A~! = AT, so the columns (and rows) of A form an orthonormal set
in R™.

Suppose W and V are vector spaces and S: W — V is a linear transformation. Do
eigenvectors and eigenvalues make sense in this context?

Solution: In general, no.

To talk about eigenvalues and eigenvectors of a linear transformation 7', we need to be
able to write

T(v) = Av,

where both T'(v) and v live in the same vector space.
Here S : W — V has domain W and codomain V. Unless W =V (and S is a linear

transformation from a vector space to itself), the expression
S(w) = \w

does not make sense, because S(w) € V while w € W are, in general, elements of
different spaces.

*For full credit, please write out fully what you mean instead of using shorthand phrases.



So eigenvalues and eigenvectors are defined for linear transformations 7': V' — V. For
a general map S : W — V with W # V| the notion of eigenvalue/eigenvector does not

apply.

(b) Suppose V' is a vector space and let V L5 V be a linear transformation with distinct
eigenvalues Aj, Ay € R. If v; € E), is nonzero, then (v, vy) is linearly independent.

Solution: Recall that
E,, ={veV :Tw)=\v}, i=12.

Suppose v; € Fy, and vy € E), are nonzero and A\; # .

Assume to the contrary that (v, vs) is linearly dependent. Since v; and vy are nonzero
and we only have two vectors, linear dependence implies that one vector is a scalar
multiple of the other. So there exists a # 0 € R such that

vy = Q.
Apply T to both sides:
T(vy) = T(avy) = aT(v1) = aAv;.
But we also know vy € E,, so
T(v2) = Aavg = Ag(awy) = adquy.

Thus
a/\1v1 = oz)\gvl .

Rewriting,
Oé()\l — )\2)’[)1 = 0.

Since \; # Ag, it implies that v; = 0, which is a contradition.

Therefore our assumption that (vy,vy) is linearly dependent is false, and we conclude
that (v1,vs) is linearly independent.

3. True or False. If you answer true, then state TRUE. If you answer false, then state FALSE.
Justify your answer with either a short proof or an explicit counterexample.

(a) Suppose V is a vector space. Every linear transformation from V' to V' is diagonalizable.

Solution: FALSE.

A linear transformation need not have enough eigenvectors to form a basis, so it may
fail to be diagonalizable.

Counterexample: Let V = R? and let T : R? — R? be defined by the matrix

()

The only eigenvalue of A is A = 1 (the characteristic polynomial is (1 — A)?). Solving




(A— 1)U =0 gives

GDE)-6) - oo

so all eigenvectors have the form (x,0)" with 2 # 0. Thus the eigenspace for A = 1 is
one-dimensional, so there are not enough eigenvectors to form a basis of R2.

Therefore T is not diagonalizable, showing the statement is false.

(b) Suppose V' is a finite-dimensional vector space and T: V' — V' is a linear transformation.
If T is diagonalizable and A is a basis of V', then [T] 4 is similar to a diagnonal matrix.

Solution: TRUE.
Since T' is diagonalizable, there exists a basis B of V' consisting of eigenvectors of T'.
By definition of diagonalizable, the matrix of T" with respect to B is a diagonal matrix;
call it D:

[T]s =D,
where D is diagonal.

Let Sp_,4 be the change-of-basis matrix from B to A (an invertible matrix). Then the
standard change-of-basis formula for matrices of a linear transformation gives

[T)a= SsalT)s S5 4 = SsaD S5 4

Thus [T] 4 is similar to the diagonal matrix D.
Hence the statement is true.




